Abstract The aim of this paper is to introduce the notion of Hom-Lie color algebras. This class of algebras is a natural generalization of the Hom-Lie algebras as well as a special case of the quasi-hom-Lie algebras. In the paper, homomorphism relation between Hom-Lie color algebras are defined and studied. We present a way to obtain Hom-Lie color algebras from the classical Lie color algebras along with algebra endomorphisms and offer some applications. Besides, we introduce a multiplier σ on the abelian group Γ and provide constructions of new Hom-Lie color algebras from old ones by the σ-twists. Finally, we explore some general classes of Hom-Lie color admissible algebras and describe all these classes via G-Hom-associative color algebras, where G is a subgroup of the symmetric group S 3 .
17B75, 17B99 §1. Introduction
The motivations to study Hom-Lie structures are related to physics and deformations of Lie algebras, in particular Lie algebras of vector fields. The paradigmatic examples are q-deformations of Witt and Virasoro algebras constructed in pioneering works (e.g., [3, 4, 5, 6, 8, 11] ). This kind of algebraic structures were initially introduced by Hartwig, Larsson and Silvestrov [8] during the process of investigating the q-deformation of Lie algebras. Later, it was further extended by Larsson and Silvestrov to quasi-hom-Lie algebras and quasi-Lie algebras [9, 10] , while the Hom-Lie algebra structures were more detailed studied in [12] , including the Hom-Lie admissible algebras and G−Hom-associative algebras, both of which can be viewed as generalizations of Lie admissible algebras and G−associative algebras, respectively. Recently, this kind of algebras was considered in Z 2 -graded case by Ammar and Makhlouf [2] and thus is said to be Hom-Lie superalgebras. The main feature of quasi-Lie algebras, quasi-hom-Lie algebras and Hom-Lie (super)algebras is that the skew-symmetry and the Jacobi identity are twisted by several deforming twisting maps, which lead to many interesting results.
The Lie admissible algebras were introduced by A. A. Albert in 1948 [1] . Physicists attempted to introduce this structure instead of Lie algebra. For instance, the validity of Lie-admissible algebras for free particles is well known. These algebras arise also in classical quantum mechanics as a generalization of conventional mechanics (see [14, 15] ). The study of flexible Lie admissible algebra was also initiated in [1] and has investigated in a number of papers (see e.g., [7, 13] ). The authors in [12] extended to Hom-Lie algebra the classical concept of Lie admissible algebras, while Hom-Lie admissible superalgebras were considered in [2] .
In the present paper, we introduce and study the Hom-Lie color algebras, which can be viewed as an extension of Hom-Lie (super)algebras to Γ-graded algebras, where Γ is any abelian group. This kind of algebras is a special case of the quasi-hom-Lie algebras from [9] and contains as a subclass on the one hand the Lie color algebras and in particular Lie (super)algebras, and on the other hand various known and new single and multi-parameter families of algebras obtained using algebra endomorphisms and twisted mappings of Lie color algebras and algebras of vector fields.
The paper is organized as follows. In Sec.2 we collect our conventions and consider some generalities on graded algebra, Lie color algebra and (quasi-)Hom-Lie algebra structures.
Hom-Lie color algebras are defined in Sec. 3 and examples of such kind of algebras are given. Homomorphism between two Hom-Lie color algebras are also defined and studied. In particular, we show that how arbitrary Lie color algebras deform into Hom-Lie color algebras via algebra endomorphisms and offer some applications.
In Sec.4 we introduce a multiplier σ on the abelian group Γ and provide constructions of new Hom-Lie color algebras using the twisting action of the multiplier σ. We show that the σ-twist of any Hom-Lie color algebra is still a Hom-Lie color algebra.
In Sec.5 we extend the classical concept of Lie admissible algebras to Hom-Lie color settings. Hence, we obtain a more generalized algebra class called Hom-Lie color admissible algebras. We also explore some other general class of algebras: G−Hom-associative color algebras, where G is any subgroup of the symmetric group S 3 , using which we classify all the Hom-Lie color admissible algebras.
Throughout this work, F denotes a field of characteristic zero and Γ stands for an abelian group. The multiplicative group of nonzero element of F is denoted by F * . All vector spaces and algebras are assumed to be over F. All gradations are understood to be Γ-gradations. §2. Preliminaries Let us begin with some definitions concerning graded algebraic structures. For a detailed discussion of this subject we refer the reader to the literatures (e.g. [16] and references therein).
Let Γ be an abelian group. A vector space V is said to be Γ-graded, if there is a family (V α ) α∈Γ of subspaces of V such that V = α∈Γ V α . An element a ∈ V is said to be homogeneous of degree α if a ∈ V α , α ∈ Γ, and in this case, α is called the color of a. As usual, denote byā the color of an element a ∈ V . Thus each homogeneous element a in V determines a unique group elementā ∈ Γ by a ∈ Vā. Fortunately, we can almost drop the symbol " − ", since confusion rarely occurs. We will denote by H(V ) the set of all the homogeneous elements of V in the sequel.
Let V = ⊕ α∈Γ V α and W = ⊕ α∈Γ W α be two Γ-graded vector spaces. A linear mapping f : V → W is said to be homogeneous of degree γ ∈ Γ if
If, in addition, f is homogenous of degree zero, namely, f (V α ) ⊂ W α holds for any α ∈ Γ, then f is said to be even. An algebra A is said to be Γ-graded if its underlying vector space is Γ-graded, i.e. A = ⊕ α∈Γ A α , and if, furthermore, A α A β ⊂ A α+β , for all α, β ∈ Γ. It is easy to see that if A has a unit element e, it follows e ∈ A 0 . A subalgebra of A is said to be graded if it is graded as a subspace of A.
Let B be a second Γ-graded algebra. A homomorphism f : A → B of Γ-graded algebras is by definition a homomorphism of the algebra A into the algebra B, which is, in addition, an even mapping.
The following definition is well-known from the theory of graded algebra.
It is easy to see that ε(α, 0) = ε(0, α) = 1 and ε(α, α) = ±1, ∀ α ∈ Γ. In particular, for fixed α ∈ Γ, the induced mapping ε α : Γ → F * defines a homomorphism of groups by ε α (β) = ε(α, β). 
for all the homogenous elements x, y, z ∈ L, and where x,y,z denotes summation over the cyclic permutation on x, y, z.
Note that we have abbreviated ε(x,ȳ) by ε(x, y) in the definition above.
′ , for all x, y ∈ L, then it is said to be a Lie color algebra homomorphism.
The Hom-Lie algebras were initially introduced by Hartwig, Larsson and Silvestrov in [8] motivated by examples of deformed Lie algebras coming from twisted discretizations of vector fields. This kind of algebras includes Lie algebras as a subclass. Quasi-hom-Lie algebras and Hom-Lie superalgebras were introduced in [10] and [2] , respectively. Hom-Lie superalgebras are a special case of quasi-hom-Lie algebras. Both of these two classes of algebras can be viewed as extensions of Hom-Lie algebras. Hom-associative algebras were introduced in [12] . Let us now recall these definitions. Definition 2.4 A Hom-associative algebra is a triple (V, µ, ζ) consisting of a linear space V , a bilinear map µ : V × V → V and an algebra homomorphism ζ : V → V satisfying µ ζ(x), µ(y, z) = µ µ(x, y), ζ(z) .
Remark 2.6 In some papers, such as [12] , ζ is only required to be a linear map.
denotes the linear space of F-linear maps of L, such that the following conditions hold:
• (ω-symmetry) The bracket satisfies a generalized skew-symmetry
• (β-twisting) The map α is a β-twisted algebra homomorphism, i.e.,
• (qhl-Jacobi identity) The bracket satisfies a generalized Jacobi identity
By taking β = id L and ω = −id L×L in Definition 2.7, one gets Hom-Lie algebras. When L is a Z 2 -graded vector space, the class of Hom-Lie superalgebras defined in [2] is obtained by setting β = id L and ω(x, y) = −(−1)xȳ, for all x, y ∈ H(L). §3. Hom-Lie color algebra
In this section, we extend Hom-Lie algebras to any Γ-graded vector space, which leads us to Hom-Lie color algebras. We present a way to obtain such kind of algebras from Lie color algebras and also offer some applications of this method. Before the definition, let us firstly introduce Hom-color algebras. 
By a homomorphism of Hom-color algebras
f : (A, µ, ζ) → (A ′ , µ ′ , ζ ′ ) we mean an algebra homomorphism from A to A ′ such that f •ζ = ζ ′ •f ,
or, in other words, such that the following diagram
The following result says that any Γ-graded associative algebra can deform into a Homcolor algebra along with any even linear self-map. Theorem 3.9 Let (A, µ) be a Γ-graded associative algebra and ζ : A → A be an even linear map such that
Suppose that (B, µ ′ ) is another Γ-graded associative algebra and that
is also a homomorphism of Hom-color algebras.
Proof. Using the hypothesis that ζ is an even linear map, one has for any x, y, z in H(A)
from which it follows that (A, µ ζ = ζ • µ, ζ) is a Hom-color algebra.
Furthermore, observe that both ζ • µ ζ and
Finally, since f : A → B is an algebra homomorphism that satisfies f • ζ = ζ ′ • f by hypothesis, then for all x, y ∈ H(A) we have
This proves f is a homomorphism of Hom-color algebras.
In the definition of quasi-hom-Lie algebra, taking L to be a Γ-graded vector space, β = id L , and ω(x, y) = −ε(x,ȳ) for some bi-character ε on Γ, we get the following class of algebras.
for all homogenous elements x, y, z in L.
Example 3.11 It is clear that Lie color algebras are examples of Hom-Lie color algebras by setting ζ = id L . If, in addition, ε(x, y) = 1 or ε(x, y) = (−1)xȳ, then the Hom-Lie color algebra is nothing but a classical Lie algebra or Lie superalgebra. The Hom-Lie algebra and Hom-Lie superalgebra are also obtained when ε(x, y) = 1 and ε(x, y) = (−1)xȳ, respectively.
can be considered as the algebra of Laurent polynomials with coefficients in the Hom-Lie color algebra L. Note that L ′ can be endowed with a natural Γ-grading as follows: an element x ∈ L ′ is said to be homogeneous of degree α ∈ Γ, if there exist an element x α ∈ L with degree α and
a Hom-Lie color algebra. The verification of this consists of checking the axioms from Definition 3.10 of Hom-Lie color algebras. For any homogeneous elements x, y, z ∈ L, and
It is well known that there is always a Lie algebra associated to an associative algebra via the commutator bracket. A Hom-associative algebra can also gives rise to a Hom-Lie (super)algebra via the commutator bracket [12, 2] . The following proposition presents a similar result. In this sense, Hom-color algebras play the role of associative algebras in the Hom-Lie color setting. Proof. The bracket is obviously ε-skew-symmetric and the Hom-ε-Jacobi identity can be obtained by a direct computation. For any homogeneous elements x, y, z ∈ A, we have
Then from Definition 3.8 it follows that x,y,z ε(z,
By a homomorphism of Hom-Lie color algebras f :
We now have the following result, which gives a way to construct Hom-Lie color algebras via a Lie color algebra together with an endomorphism. 
is also a homomorphism of Hom-Lie color algebras.
Proof. It only needs to show that L, [·, ·] ζ , ζ, ε satisfies the Hom-ε-Jacobi identity. Indeed,
for all x, y, z ∈ H(L), one has
Hence, L, [·, ·] ζ , ζ, ε is a Hom-Lie color algebra. The second assertion follows from
since f is a Lie color algebra homomorphism satisfying
Example 3.15 (Hom-Lie color sl(2, F)) Assume that sl(2, F) is the three dimensional simple Lie algebra with the standard basis
h, where i 2 = −1. Thus, we have
Define a mapping ε :
One can check that ε is a bi-character on Γ. If the Γ-graded multiplication ·, · turns sl(2,
where x, y, z ∈ F. It is not difficult to check that ζ is an even endomorphism of Lie color algebra sl(2, F) if and only if xy = z, yz = x, zx = y, which implies x = y = z = ±1. Now put x = y = −1 and z = 1 in (3.1). Then according to Theorem 3.14, we obtain a Hom-Lie color algebra sl(2, F), ·, · ζ , ζ, ε with the bracket ·, · ζ on the basis {a 1 , a 2 , a 3 } given by Let Γ = Z 2 × Z 2 × Z 2 with a bi-character ε given by
for all α = (α 1 , α 2 , a 3 ) and β = (β 1 , β 2 , β 3 ) in Γ. Now take H to be a Γ-graded linear space H = ⊕ α∈Γ FX α with a homogeneous basis Let λ 1 and λ 2 be nonzero scalars in F. Consider the map ζ λ 1 ,λ 2 : H → H defined on the basis elements by
It is straightforward to check that ζ λ 1 ,λ 2 defines a Lie color algebra homomorphism. By virtue of Theorem 3.14 above we have a Hom-Lie color algebra H λ 1 ,λ 2 = H, ·, · ζ λ 1 ,λ 2 , ζ λ 1 ,λ 2 , ε , whose bracket satisfies the following non-vanishing twisted Heisenberg relation e 1 , e 2 ζ λ 1 ,λ 2 = λ 1 λ 2 e 3 .
We view the collection {H λ 1 ,λ 2 : λ 1 , λ 2 ∈ F * } as two-parameter family of deformations of Heisenberg Lie color algebra H into Hom-Lie color algebras. can be shown to be a Lie color algebra L = L(Γ, ε, s) under certain conditions on the grading group Γ and the mappings ε and s. Then L = L(Γ, ε, s) is said to be a Lie color algebra of Witt type. For further details, we refer to [17] . Consider
, where F[t, t −1 ] is the Laurent polynomials algebra. From Example 3.12, we know L ′ is also a Lie color algebra. Given any nonzero scalar λ ∈ F, we define a linear mapping
. Then ζ λ is a homomorphism of Lie color algebras. Indeed,
is a Hom-Lie color algebra thanks to Theorem 3.14 above. We regard the collection {L ′ λ : λ ∈ F} as a one-parameter family of deformations of the Lie color algebras of Witt type into Hom-Lie color algebras. §4. σ-twist of Hom-Lie color algebra
In this section, we shall establish a close relationship between Hom-Lie color algebras corresponding to different form σ on Γ. We provide conditions on σ which ensure that the σ-twist of Hom-Lie color algebra is also a Hom-Lie color algebra. Finally, we give an example of σ-twist of Hom-Lie color sl(2, F). We call such a mapping σ : Γ × Γ → F * satisfying both (I) and (II) is a symmetric multiplier on Γ. Now from the discussion above it follows: 
Proof. One has f • ζ = ζ ′ • f by the assumption. For any homogenous element x, y ∈ L, we have
which proves the result.
Remark 4.20
It is easy to construct a large class of symmetric multipliers on Γ as follows. Let ω be an arbitrary mapping of Γ into F * . Then the mapping τ : Γ × Γ → F * defined by
is a symmetric multiplier on Γ.
Now given any mapping σ : Γ × Γ → F * , which endows L with a new multiplication defined by (4.1). we define a mapping δ :
Then it follows for any homogeneous elements x, y ∈ L that
where we also simply write δ(x, y) instead of δ(x,ȳ).
M. Scheunert in [16] provided the necessary and sufficient conditions on σ for which ensure that εδ is a bi-character on Γ (with εδ(α, β) = ε(α, β)δ(α, β) for α, β ∈ Γ) and that
σ , εδ is a Γ-graded εδ-Lie algebra if and only if Remark 4.22 Any symmetric multiplier that we have defined on Γ is a multiplier. That is why it is so named there.
For any multiplier σ, the mapping δ defined by equation (4.2) is a bi-character on Γ which is said to be associated with σ. Note that δ(α, α) = 1 and it follows from equation Proof. It only needs to verify the Hom-εδ-Jacobi identity since the εδ-skew-symmetry follows from equation (4.3). For any homogeneous elements x, y, z ∈ L, one has
by the assumption that L, [·, ·], ζ, ε is a Hom-Lie color algebra. 
Now let us consider an example of σ-twist of Hom-Lie color algebra.
Example 4.25
We apply Proposition 4.23 to the Hom-Lie color algebra sl(2, F), ·, · ζ , ζ, ε constructed in Example 3.15. Recall that Γ = Z 2 × Z 2 with the bi-character ε defined by
Define a mapping σ :
One can check that σ satisfies condition (4.4), namely, it is a multiplier on Γ. Then from (4.2) we get a bi-character δ by
Let sl(2, F) σ be the σ-twist of the Hom-Lie color algebra sl(2, F), ·, · ζ , ζ, ε with respect to σ. It follows from Proposition 4.23 that sl(2, F) σ , ·, · σ ζ , ζ, εδ is also a Hom-Lie color algebra and from (3.2) and (4.1) that the bracket ·, · σ ζ can be explicitly given by
Hom-Lie color admissible algebra
In this section, we aim to further extend the notions and results about Lie admissible algebras [7] to more generalized cases: Hom-Lie color admissible algebras and flexible HomLie color admissible algebras. We will also explore some other general classes of such kind of algebras: G-Hom-associative color algebras, using which we classify all the Hom-Lie color admissible algebras.
In this section, "algebras" means "not necessarily associative algebra". 
satisfies the Hom-ε-Jacobi identity
for all the homogeneous elements x, y, z ∈ A.
Remark 5.27 Since the color commutator bracket defined by (5.1) is always ε-skew symmetric, it makes any Hom-Lie color admissible algebra into a Hom-Lie color algebra.
Remark 5.28 According to Proposition 3.13, any associative Hom-color algebra (L, µ, ζ) is a Hom-Lie color admissible algebra with the same twisting map ζ.
Let L, [·, ·], ζ, ε be a Hom-Lie color algebra. Define a new commutator product ·, · by
It is easy to see that x, y = −ε(x, y) y, x . Moreover, we have
Our discussion above now shows:
Let (L, µ, ζ) be a Hom-color algebra and ε be a bi-character on the abelian group Γ. Let
be the associated color-commutator. An ζ-associator a µ,ζ of µ is defined by
A Hom-color algebra is said to be flexible if a µ,ζ (x, y, x) = 0, for all x, y ∈ H(L). Now let us introduce the notation:
S(x, y, z) := ε(z, x)a µ,ζ (x, y, z) + ε(x, y)a µ,ζ (y, z, x) + ε(y, z)a µ,ζ (z, x, y).
Then we have the following properties:
Proof. The assertion follows expanding the commutators on the right hand side:
−ε(y, z)µ µ(z, x), ζ(y) + ε(y, z)µ ζ(z), µ(x, y) − ε(z, x)µ µ(x, y), ζ(z) = ε(z, x)a µ,ζ (x, y, z) + ε(x, y)a µ,ζ (y, z, x) + ε(y, z)a µ,ζ (z, x, y) = S(x, y, z). 
Proof. From Lemma 5.30 it follows
S(x, y, z) − ε(x, y)ε(y, z)ε(z, x)S(x, z, y)
which proves the result. In the following, we explore some other general classes of Hom-Lie color admissible algebras, G−Hom-associative color algebras, extending the class of Hom-associative algebras and Hom-associative superalgebras. We will provide a classification of Hom-Lie color admissible algebras using the symmetric group S 3 , whereas it was classified in [12] and [2] for the Hom-Lie and Hom-Lie super cases, respectively. Let S 3 be the symmetric group generated by
be a Hom-color algebra. Suppose that S 3 acts on L ×3 in the usual way, i.e. σ(x 1 , x 2 , x 3 ) = x σ(1) , x σ(2) , x σ(3) , for any σ ∈ S 3 and x 1 , x 2 , x 3 ∈ H(L). For convenience, we introduce a notion of a parity of the transposition σ i with i ∈ {1, 2} by setting
It is natural to assume that the parity of the identity is 1 and for the composition σ i • σ j , it is defined by
One can define by induction the parity for any composition. Hence we have
for any homogeneous elements x 1 , x 2 , x 3 in L. Let sgn(σ) denote the signature of σ ∈ S 3 . We have the following useful lemma: 
Proof. It only needs to verify the Hom-ε-Jacobi identity. By straightforward calculation, the associated color commutator satisfies Let G be a subgroup of S 3 , any Hom-color algebra (L, µ, ζ) is said to be G-Hom-associative if the following equation holds:
sgn(σ) |σ(x 1 , x 2 , x 3 )|a µ,ζ • σ(x 1 , x 2 , x 3 ) = 0, ∀ x 1 , x 2 , x 3 ∈ H(L).
The following result is a graded version of that obtained in [12] .
Proposition 5.33 Let G be a subgroup of the symmetric group S 3 . Then any G-Homassociative color algebra (L, µ, ζ) is Hom-Lie color admissible.
Proof. The ε-skew symmetry follows straightaway from the definition. Assume that G is a subgroup of S 3 . Then S 3 can be written as the disjoint union of the left cosets of G. Say S 3 = σ∈I σG, with I ⊆ S 3 and for any σ, σ ′ ∈ I,
Then one has where A 3 is the alternating subgroup of S 3 . Then from Lemma 5.32 we can obtain the following types of Hom-Lie color admissible algebras :
• G 1 −Hom-associative color algebras are the Hom-color algebras defined in Definition 3.8;
• G 2 −Hom-associative color algebras satisfy the condition µ ζ(x), µ(y, z) − ε(x, y)µ ζ(y), µ(x, z) = µ µ(x, y), ζ(z) − ε(x, y)µ µ(y, x), ζ(z) ; (5.2)
• G 3 −Hom-associative color algebras satisfy the condition µ ζ(x), µ(y, z) − ε(y, z)µ ζ(x), µ(z, y) = µ µ(x, y), ζ(z) − ε(y, z)µ µ(x, z), ζ(y) ; (5.3)
• G 4 −Hom-associative color algebras satisfy the condition µ ζ(x), µ(y, z) − µ µ(x, y), ζ(z) = ε(x, y)ε(y, z)ε(x, z) µ ζ(z), µ(y, x) − µ µ(z, y), ζ(x) ;
• G 5 −Hom-associative color algebras satisfy the condition µ ζ(x), µ(y, z) − ε(x, y + z)µ ζ(y), µ(z, x) − ε(x + y, z)µ ζ(z), µ(x, y) = µ µ(x, y), ζ(z) − ε(x, y + z)µ µ(y, z), ζ(x) − ε(x + y, z)µ µ(z, x), ζ(y) ;
• G 6 −Hom-associative color algebras are the Hom-Lie color admissible algebras by Lemma 5.32, where x, y, z are homogeneous elements.
Remark 5.34 When ζ is the identity map and ε is trivial on Γ, the algebra defined by equation (5.2) is the classical Vinberg algebra or left symmetric algebra, while that defined in (5.3) is Pre-Lie algebra or right symmetric algebra. Hence we will call the algebras given by (5.2) and (5.3) the Hom-Lie color Vinberg algebra and Hom-pre-Lie color algebra, respectively.
